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Abstract
We discuss how a q-mutation relation can be deformed replacing a pair of conjugate
operators with two other and unrelated operators, as it is done in the construction of
pseudo-fermions, pseudo-bosons and truncated pseudo-bosons. This deformation involves
interesting mathematical problems and suggests possible applications to pseudo-hermitian
quantum mechanics. We construct bi-coherent states associated to D-pseudo-quons, and
we show that they share many of their properties with ordinary coherent states. In partic-
ular, we find conditions for these states to exist, to be eigenstates of suitable annihilation
operators and to give rise to a resolution of the identity. Two examples are discussed in
details, one connected to an unbounded similarity map, and the other to a bounded map.
I Introduction and preliminaries
The role of commutators in quantum mechanics is essential, both because of their technical
utility, for instance in the deduction of the equations of notion from a given Hamiltonian, and
because they are related to the statistical properties of the elementary particles they are attached
to. Along the years it has become more and more evident that the canonical commutation or
anticommutation relations (CCR and CAR) are not the only ones which play a relevant role
in concrete applications. For instance, interesting alternatives are provided by the truncated
version of CCR considered in [1], or by the commutation rules arising in the context of the
so-called generalized Heisenberg algebra, see [2] and references therein.
Another commutation rule which has been proposed several years ago is, in our opinion,
particularly interesting since it intertwines between CCR and CAR. This deformation produces
the so-called quons, [3, 4, 5]. In this case one assumes the following q-mutation relation between
two ladder operators c and c†, one the adjoint of the other: [c, c†]q := cc† − qc†c = 1 , where
q ∈ [−1, 1]. Of course, when q = 1 we recover CCR, while CAR are obtained for q = −1.
In all these relations a crucial aspect is that the (anti)-commutators are defined between
two (or more) operators which are directly connected by the adjoint map, and the consequence
is that one such operator behaves as a lowering, and its adjoint as a raising operator, and the
product of the two, with the raising operator on the left, is a self-adjoint number (or number-
like) operator. Recently, mainly in connection with the so-called pseudo-hermitian quantum
mechanics and its relatives, [6, 7, 8, 9], it has become clear that a physical observable does
not need to be self-adjoint, or even symmetric, to have a concrete meaning. In particular, non
self-adjoint Hamiltonians have been considered by several authors which give rise to interesting
quantum dynamical systems. Among other features, these operators have only real eigenvalues.
In many of such examples a number-like operator can be introduced, which is manifestly not
self-adjoint since it can be factorized as follows: N = BA, with B 6= A†. Of course, this implies
that N † 6= N , and since N † turns out to be also a number-like operator, the situation is, in a
sense, richer than when assuming that the observables are all self-adjoint. We refer to [10] for
many details and examples of this situation.
In this paper we show that a similar possibility can also be considered for quons, giving rise
to an extended version of the q-mutator above in which the two operators involved are not one
the adjoint of the other. This has several mathematical consequences, as we will see later. We
will also discuss how pairs of coherent states can be constructed and how these are connected
to the lowering operators which naturally appear in our construction.
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The paper is organized as follows: in the rest of this section we briefly review few standard
facts on quons and on pseudo-bosons, in order to keep the paper self-contained. In Section II
we introduce the main object of our analysis, the D-pseudo quons (D-PQs), while in Section
III we define the so-called bi-coherent states (BCs) associated to our D-PQs, and we deduce
some of their properties. Section IV contains two detailed examples, while our conclusions are
given in Section V.
I.1 Basic facts on quons
We briefly review here few basic facts on quons, [3, 4, 5], useful for our generalization.
Quons are defined essentially by their q-mutation relation
[c, c†]q := cc† − qc†c = 1 , q ∈ [−1, 1], (1.1)
between the creation and the annihilation operators c† and c, which reduces to the CCR for
q = 1 and to the CAR for q = −1. For q in the interval ] − 1, 1[, equation (1.1) describes
particles which are neither bosons nor fermions. For completeness we also remark that other
possible q-mutation relations have also been proposed along the years, but they will not be
considered here.
In [3] it is proved that the eigenstates of N0 = c
† c are analogous to the bosonic ones, except
that for the normalization. A simple concrete realization of the (1.1) can be deduced as follows:
let Fe = {ek, k = 0, 1, 2, . . .} be the canonical orthonormal (o.n.) basis in H = l2(N0), with all
zero entries except in the (k+ 1)-th position, which is equal to one: 〈ek, em〉 = δk,m. If we take
c =


0 β0 0 0 0 0 · · ·
0 0 β1 0 0 0 · · ·
0 0 0 β2 0 0 · · ·
0 0 0 0 β3 0 · · ·
0 0 0 0 0 β4 · · ·
· · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · ·


, (1.2)
it follows that (1.1) is satisfied if β20 = 1 and β
2
n = 1 + qβ
2
n−1, n ≥ 1. Then β2n coincides with
n + 1 if q = 1, and with 1−q
n+1
1−q if q 6= 1. Here we will always consider βn > 0 for all n ≥ 0.
Moreover c e0 = 0, and c
† behaves as a raising operator since from (1.2) we deduce
en+1 =
1
βn
c†en =
1
βn!
(c†)n+1 e0, (1.3)
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for all n ≥ 0. Here we have introduced βn! := βnβn−1 · · ·β2β1. In the literature this quantity is
sometimes called the q-factorial. Moreover, rather than βn, sometimes the symbol [n] (or even
[n]q) is used, [11], with β
2
n = [n+1] . Of course, from (1.3) it follows that c
†en = βnen+1. Using
(1.2) it is also easy to check that c acts as a lowering operator on Fe: c em = βm−1em−1, for all
m ∈ N0, where we have also introduced β−1 = 0, to ensure that c e0 = 0.
Then we have
N0em = β
2
m−1em, (1.4)
for all m ∈ N0. The operator N , formally defined in [3] as follows N = 1log(q) log(1 −N0(1− q))
for q > 0, satisfies the eigenvalue equation Nem = mem, for all m ∈ N0.
It should be stressed that the one in (1.2) is not the only possible way to represent the
operator c. For instance, in [11], the authors adopt the following representation of c and c† in
L2(R):
c =
e−2iαx − eiα ddx e−iαx
−i√1− e−2α2 , c
† =
e2iαx − eiαxeiα ddx
i
√
1− e−2α2 , (1.5)
where α =
√
− log(q)
2
or, which is the same, q = e−2α
2
. However, since α is assumed to belong
to the set [0,∞), q ranges in the interval ]0, 1]. Then, the representation in (1.5) only works
in this region. We will go back to this representation in Section IV.1, while the matrix form in
(1.2) will be used in Section IV.2.
I.2 Basic facts on D-PBs
Another fundamental ingredient of this paper is what arises out of a different deformation of
the CCR, the one giving rise to the so-called D-pseudo bosons (D-PBs), [10]. Here we briefly
collect some of the definitions and results on D-PBs which will be useful in the following.
Let H be a given Hilbert space with scalar product 〈., .〉 and related norm ‖.‖. Let further
A and B be two operators on H, with domains D(A) and D(B) respectively, A† and B† their
adjoint, and let D be a dense subspace of H such that A♯D ⊆ D and B♯D ⊆ D, where X♯ is
either X or X†. Of course, D ⊆ D(A♯) and D ⊆ D(B♯).
Definition 1 The operators (A,B) are D-pseudo bosonic if, for all f ∈ D, we have
AB f −BAf = f. (1.6)
Our working assumptions are the following:
Assumption D-pb 1.– there exists a non-zero ϕˆ0 ∈ D such that A ϕˆ0 = 0.
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Assumption D-pb 2.– there exists a non-zero Ψˆ0 ∈ D such that B† Ψˆ0 = 0.
Then, if (A,B) satisfy Definition 1, it is obvious that ϕˆ0 ∈ D∞(B) := ∩k≥0D(Bk) and that
Ψˆ0 ∈ D∞(A†), so that the vectors
ϕˆn :=
1√
n!
Bnϕˆ0, Ψˆn :=
1√
n!
A†
n
Ψˆ0, (1.7)
n ≥ 0, can be defined and they all belong to D. As a consequence, they belong to the domains
of A♯, B♯ and N ♯, where N = BA. We call FΨˆ = {Ψˆn, n ≥ 0} and Fϕˆ = {ϕˆn, n ≥ 0}.
It is now simple to deduce the following lowering and raising relations:

B ϕˆn =
√
n+ 1ϕˆn+1, n ≥ 0,
A ϕˆ0 = 0, Aϕˆn =
√
n ϕˆn−1, n ≥ 1,
A†Ψˆn =
√
n + 1Ψˆn+1, n ≥ 0,
B†Ψˆ0 = 0, B†Ψˆn =
√
n Ψˆn−1, n ≥ 1,
(1.8)
as well as the eigenvalue equations N ϕˆn = nϕˆn and N †Ψˆn = nΨˆn, n ≥ 0. In particular, as
a consequence of these last two equations, choosing the normalization of ϕˆ0 and Ψˆ0 in such a
way
〈
ϕˆ0, Ψˆ0
〉
= 1 is satisfied, we deduce that
〈
ϕˆn, Ψˆm
〉
= δn,m, (1.9)
for all n,m ≥ 0. Hence FΨˆ and Fϕˆ are biorthogonal. Our third assumption is the following:
Assumption D-pb 3.– Fϕˆ is a basis for H.
This is equivalent to requiring that FΨˆ is a basis for H as well, [12]. However, several
physical models suggest to adopt the following weaker version of this assumption, [10]:
Assumption D-pbw 3.– For some subspace G dense in H, Fϕˆ and FΨˆ are G-quasi bases.
This means that, for all f and g in G,
〈f, g〉 =
∑
n≥0
〈f, ϕˆn〉
〈
Ψˆn, g
〉
=
∑
n≥0
〈
f, Ψˆn
〉
〈ϕˆn, g〉 , (1.10)
which can be seen as a weak form of the resolution of the identity, restricted to D. The role,
and the necessity, of these sets is discussed in details in [10], and in some more recent papers,
[13, 14, 15].
As suggested by concrete physical systems, in [10] we have also assumed that a self-adjoint,
invertible, operator Θ, which leaves, together with Θ−1, D invariant, exists: ΘD ⊆ D, Θ−1D ⊆
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D. Then we say that (A,B†) are Θ−conjugate if Af = Θ−1B†Θ f , for all f ∈ D. One can
prove that, if Fϕˆ and FΨˆ are D-quasi bases for H, then the operators (A,B†) are Θ−conjugate
if and only if Ψˆn = Θϕˆn, for all n ≥ 0. Moreover, if (A,B†) are Θ−conjugate, then 〈f,Θf〉 > 0
for all non zero f ∈ D.
We refer to [10] for more results on Θ, which sometimes is also used to define different scalar
products in H, on D-PBs, and for some explicit examples of their physical appearances in the
quantum mechanical literature.
II D-pseudo quons
The aim of this section is to show that the two deformations considered in Section I can be
somehow merged, giving rise to what we call D-pseudo quons, (D-PQs). The procedure is very
close to that for ordinary bosons, but requires some cares mainly for normalization problems,
but not only.
Let H be a given Hilbert space with scalar product 〈., .〉 and related norm ‖.‖. Let further a
and b be two operators on H, with domains D(a) and D(b) respectively, a† and b† their adjoint,
and let D be a dense subspace of H such that a♯D ⊆ D and b♯D ⊆ D. As in Section I.2, this
implies, in particular, that D ⊆ D(a♯) and D ⊆ D(b♯).
Definition 2 The operators (a, b) are D-pseudo quonic if, for all f ∈ D, we have
[a, b]qf := a b f − q b a f = f, (2.1)
for some real q.
Notice that, for the time being, we are not interested in restricting the values of q to the
closed interval [−1, 1]. Our initial working assumptions coincide with those for D-PBs:
Assumption D-pq 1.– there exists a non-zero ϕ0 ∈ D such that aϕ0 = 0.
Assumption D-pq 2.– there exists a non-zero Ψ0 ∈ D such that b†Ψ0 = 0.
Then, if (a, b) satisfy Definition 2, it is obvious that the vectors
ϕn :=
1
βn−1!
bnϕ0 =
1
βn−1
b ϕn−1, Ψn :=
1
βn−1!
a†
n
Ψ0 =
1
βn−1
a†Ψn−1, (2.2)
n ≥ 1, can be defined and they all belong toD and, as a consequence, to the domains of a♯, b♯ and
N ♯, where N = ba. Here βn are those introduced in Section I.1, for ordinary quons. Remember
that each βn is strictly positive. We further define FΨ = {Ψn, n ≥ 0} and Fϕ = {ϕn, n ≥ 0}.
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Then the following lowering and raising relations arise, which replace those in (1.8):

b ϕn = βnϕn+1, n ≥ 0,
a ϕ0 = 0, aϕn = βn−1 ϕn−1, n ≥ 1,
a†Ψn = βnΨn+1, n ≥ 0,
b†Ψ0 = 0, b†Ψn = βn−1Ψn−1, n ≥ 1.
(2.3)
In a more compact way we can rewrite the second and the fourth of these equalities as follows:
aϕn = βn−1 ϕn−1 and b†Ψn = βn−1Ψn−1, with the agreement that Ψ−1 = ϕ−1 are the zero
vectors. Recall also that β−1 = 0. Then, from (2.3), using the stability of the set D under the
action of b and a†, we deduce the eigenvalue equations Nϕn = βn−1ϕn and N †Ψn = βn−1Ψn,
n ≥ 0 which show that N and N † are isospectrals. This suggests the existence of some
intertwining operator between N and N †. This will be discussed later. Furthermore, choosing
the normalization of ϕ0 and Ψ0 in such a way 〈ϕ0,Ψ0〉 = 1, we conclude, as in Section I.2, that
〈ϕn,Ψm〉 = δn,m, (2.4)
for all n,m ≥ 0. Hence FΨ and Fϕ are biorthogonal. Our third assumption is the following:
Assumption D-pq 3.– Fϕ is a basis for H,
(which implies that FΨ is a basis for H as well, [12]), or its weaker version:
Assumption D-pqw 3.– For some subspace G dense in H, Fϕ and FΨ are G-quasi bases.
As in [10] we assume here that a self-adjoint, invertible, operator Θ, which leaves, together
with Θ−1, D invariant, exists: ΘD ⊆ D, Θ−1D ⊆ D. Then (a, b†) are Θ−conjugate if af =
Θ−1b†Θ f , for all f ∈ D. Despite of the differences between (1.1) and (2.1), one can prove
again that, if Fϕ and FΨ are D-quasi bases for H, then the operators (a, b†) are Θ−conjugate
if and only if Ψn = Θϕn, for all n ≥ 0. Moreover, under the same assumption, we easily see
that N †Θϕn = ΘNϕn for all n, or, more in general, that
(
N †Θ−ΘN) f = 0 for all f ∈ Lϕ,
the linear span of the ϕn’s, which is dense in H under either Assumption D-pq 3 or its D-pqw
3 version. This is a weak form of the intertwining relation N †Θ = ΘN , which could be further
established in all of H if Θ and N are both bounded. Hence we conclude that D-PBs and
D-PQs are not really different from many points of view.
Remark:– If q ∈ [−1, 1[ then the operator c in Section I.1 turns out to be bounded, while
it is not so if q ≥ 1, [16]. This suggests that the situation for a and b here is even more
complicated. In fact, a simple estimate shows that
‖a‖2 = sup
‖f‖=1
‖af‖2 ≥ β2n−1
(‖ϕn−1‖
‖ϕn‖
)2
,
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and the right-hand side can be convergent or divergent with n depending on the value of q and
of the ratio ‖ϕn−1‖‖ϕn‖ . Whenever ‖a‖ and ‖b‖ are finite, we could take D coinciding with H. But
this choice in general is not enough to ensure that the Assumptions D-pq1, D-pq2 and D-pq3
are valid, and they must be checked in explicit situations.
In view of this Remark, also Θ and Θ−1 could be unbounded, in principle. This is what
happens, for instance, when Fϕ and FΨ are not Riesz bases, [10]. In this case an explicit
expression for these operator is
D(Θ) = {f ∈ H :
∑
n
〈Ψn, f〉Ψn ∈ H}, D(Θ−1) = {h ∈ H :
∑
n
〈ϕn, h〉ϕn ∈ H},
and
Θf =
∑
n
〈Ψn, f〉Ψn, Θ−1h =
∑
n
〈ϕn, h〉ϕn, (2.5)
for all f ∈ D(Θ) and h ∈ D(Θ−1). We will discuss in a moment in which sense Θ−1 defined
here is the inverse of Θ. First we notice that each ϕn ∈ D(Θ), while each Ψn ∈ D(Θ−1), and
that Θϕn = Ψn, Θ
−1Ψn = ϕn, for all n. Hence, if Fϕ and FΨ are at least complete in H, Θ and
Θ−1 are densely defined. This is because, for instance, D(Θ) contains Lϕ, which is dense in H.
Finally, if (Fϕ,FΨ) are D-quasi bases, using the continuity of the scalar product we can
prove that
〈
Θf,Θ−1h
〉
=
〈∑
n
〈Ψn, f〉Ψn,Θ−1h
〉
=
∑
n
〈f,Ψn〉
〈
Ψn,Θ
−1h
〉
=
∑
n
〈f,Ψn〉 〈ϕn, h〉 = 〈f, h〉 ,
(2.6)
f, g ∈ D, if D ⊆ D(Θ) ∩ D(Θ−1). Then we have 〈f,ΘΘ−1h〉 = 〈f, h〉, and, using the density
of D in H, ΘΘ−1h = h for all h ∈ D. In a similar way, we prove that Θ−1Θh = h. Hence, the
operator Θ−1 defined as in (2.5) is really the inverse of Θ, as stated, at least in D. Of course,
if both Θ and Θ−1 are bounded, equation (2.6) can be extended to all of H.
III Bicoherent states
During recent years several possible definitions of coherent states have been proposed for quons,
[11], [17]-[19]. More recently, coherent states related to D-PBs have also been proposed and
studied, [20]-[23]. They have been called bi-coherent states (BCs) because they always go in
pairs. This is not really surprising, since D-PBs admit two different lowering operators, see A
and B† in (1.8). In this section we propose a definition of BCs for our D-PQs. The conclusion
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of our analysis will be that replacing the quons commutation rule with its deformed version will
cause no particular problem, meaning with this that most of the properties of coherent states
will be recovered (in an extended version).
To avoid useless complication we will restrict here to 0 < q < 1. The following Proposition,
which adapts to quons the results discussed in [22, 23], holds:
Proposition 3 Let (Fϕ,FΨ) be D-quasi bases for H, and let us assume that there exist four
positive constants Aϕ, AΨ, rϕ, rΨ > 0, and two positive sequences Mn(ϕ),Mn(Ψ) > 0, such
that ‖ϕn‖ ≤ AϕrnϕMn(ϕ) and ‖Ψn‖ ≤ AΨrnΨMn(Ψ), for all n ≥ 0. Suppose further that
limn,∞
Mn(ϕ)
Mn+1(ϕ)
= M(ϕ) and limn,∞
Mn(Ψ)
Mn+1(Ψ)
=M(Ψ), with 0 < M(ϕ),M(Ψ) <∞. Let us define
N(|z|) =
( ∞∑
k=0
|z|2k
(βk−1!)2
)−1/2
, (3.1)
and
ϕ(z) = N(|z|)
∞∑
k=0
zk
βk−1!
ϕk, Ψ(z) = N(|z|)
∞∑
k=0
zk
βk−1!
Ψk. (3.2)
Let
ρϕ = min
{
1√
1− q ,
M(ϕ)
rϕ
1√
1− q
}
, ρΨ = min
{
1√
1− q ,
M(Ψ)
rΨ
1√
1− q
}
,
and ρ := min {ρϕ, ρΨ}. Then ϕ(z) (resp. Ψ(z)) is well defined for |z| < ρϕ (resp. |z| < ρΨ).
Moreover, for |z| < ρ, 〈ϕ(z),Ψ(z)〉 = 1, aϕ(z) = z ϕ(z) and b†Ψ(z) = zΨ(z). Also, if a measure
dλ(r) exists such that
∫ ρ
0
dλ(r)r2k =
β2k−1!
2π
, for all k ≥ 0, then, calling dν(z, z) = dλ(r) dθ, we
have ∫
Cρ(0)
dν(z, z)N(|z|)−2 〈f, ϕ(z)〉 〈Ψ(z), g〉 = 〈f, g〉 , (3.3)
for all f, g ∈ D, where Cρ(0) is the circle centered in the origin of the complex plane and of
radius ρ.
Proof – From (3.2) it is evident that ϕ(z) and Ψ(z) are well defined only inside that region of
C where, first of all, N(|z|) is defined. A standard computation shows that the series for N(|z|)
converges if |z|2 < limk,∞ β2k = 11−q , i.e. if |z| < 1√1−q .
Now, since by assumption ‖ϕn‖ ≤ AϕrnϕMn(ϕ), we get
‖ϕ(z)‖ ≤ |N(|z|)|Aϕ
∞∑
n=0
(
Mn(ϕ)
βn−1!
)
|zrϕ|n.
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This power series converges if
|zrϕ| < lim
n,∞
Mn(ϕ)
βn−1!
βn!
Mn+1(ϕ)
= lim
n,∞
βn
Mn(ϕ)
Mn+1(ϕ)
= lim
n,∞
√
1− qn+1
1− q
Mn(ϕ)
Mn+1(ϕ)
=
M(ϕ)√
1− q ,
i.e. if |z| < M(ϕ)
rϕ
√
1−q . Notice that, depending on the value of
M(ϕ)
rϕ
, this quantity defines a circle
of convergence which is bigger or smaller than the one in which N(|z|) converges. Hence, to be
sure that ϕ(z) is well defined, we have to introduce ρϕ = min
{
1√
1−q ,
M(ϕ)
rϕ
√
1−q
}
, and to consider
only those z ∈ C with |z| < ρϕ.
In the same way we can check that Ψ(z) is well defined if |z| < ρΨ.
The fact that aϕ(z) = z ϕ(z) and b†Ψ(z) = zΨ(z), when they are defined, follows from the
lowering equations for a and b† in (2.3): aϕn = βn−1 ϕn−1 and b†Ψn = βn−1Ψn−1. Definition
(3.1) for N(|z|), and the biorthogonality of Fϕ and FΨ, easily imply that 〈ϕ(z),Ψ(z)〉 = 1 for
all |z| < ρ.
The proof of the resolution of the identity is a minor extension of the one given in [22].

Even if the idea of the construction of the BCs is apparently close to that discussed in [22],
it should be stressed that, while in [22] the ladder operators were defined ad-hoc out of two
biorthogonal sets of vectors, here these operators are the fundamental building blocks of the
entire construction: we are reversing the starting point, using the operators to construct the
relevant vectors rather than going the other way around.
Examples of sequences Mn(ϕ) and Mn(Ψ) which could be used in the estimates above are
the following: (i) any constant sequence Mn(ϕ) = M , M > 0. In this case M(ϕ) = 1; (ii)
Mn(ϕ) = M
n, for some M > 0. In this case M(ϕ) = 1
M
; (iii), Mn(ϕ) = γn! for any sequence
{γn 6= 0} converging to some γˆ ∈]0,∞[. In this case M(ϕ) = 1γˆ . Notice that, in particular, this
is what happens if we take γn = βn, while it is not the case if we take γn = n.
As for the uncertainty relation, this is saturated in the following (generalized) version: if
we put Q = 1√
2
(b+ a) and P = i√
2
(b− a), and we call 〈T 〉 := 〈Ψ(z), Tϕ(z)〉, for all operator T
with ϕ(z) ∈ D(T ), we deduce that
∆Q∆P =
1
2
(|z|2(q − 1) + 1) .
Here ∆Q and ∆P are defined as in (∆T )2 = 〈T 2〉−〈T 〉2, for T = Q,P . Notice that this equality
reduces to the standard one, ∆Q∆P = 1
2
, when q = 1, i.e. when we go back to D-PBs.
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IV Examples
In this section we consider two examples of D−PQs and of their related BCs. In the first
case we will extend the example originally discussed in [11], see (1.5), while the second is a
deformation of the quons defined in H = l2(N0) as in (1.2).
IV.1 A deformation of the model by Eremin and Meldianov
As we have seen in the Introduction, it is possible to represent the quonic operators c and c†
in L2(R) in terms of the multiplication and of the derivative operators x and d
dx
as follows:
c =
e−2iαx − eiα ddx e−iαx
−i√1− e−2α2 , c
† =
e2iαx − eiαxeiα ddx
i
√
1− e−2α2 . (4.1)
Here α =
√
− log(q)
2
or, which is the same, q = e−2α
2
. We remind that α ∈ [0,∞), so that
q ∈]0, 1]. It is not hard to deform c in order to obtain operators satisfying (2.1). For that, let
γ ∈ R be a fixed real parameter, and let us introduce the operators
a =
e−2iαx − eiα ddx e−iα(x+γ)
−i√1− e−2α2 , b =
e2iαx − eiα(x−γ)eiα ddx
i
√
1− e−2α2 . (4.2)
Of course, (a, b) collapse to (c, c†) if γ = 0, but, if γ 6= 0, then b 6= a†. Incidentally, it might be
useful to stress that even this simple dependence on γ can have non trivial consequences, as we
have seen several times for D-PBs, [10]. In those cases, in fact, it often happens that the set
of eigenvectors of the two conjugated number-like operators are no longer bases for the Hilbert
space where the model ilives, while they are still complete. For this reason the example we are
going to discuss can be interesting, as it will appear clear in the following.
First of all, we want to show that (a, b) are D-PQs in the sense of Definition 2, with D the
dense subset of L2(R) already defined as in [10], Section 3.3.1.3:
D = {f(x) ∈ S(R) : ekxf(x) ∈ S(R), ∀k ∈ R}. (4.3)
First we observe that D is stable under the action of a, b and their adjoint. Then, a direct
computation shows first that, for all f(x) ∈ D, ([a, b]qf)(x) = f(x). Hence a and b satisfy
condition (2.1). The vacua of a and b† can be easily deduced, extending what is done in [11]:
ϕ0(x) =
1
π1/4
e−
x2
2
+x(γ+ 32 iα), Ψ0(x) =
1
π1/4
e−
x2
2
+x(−γ+ 32 iα), (4.4)
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and aϕ0(x) = b
†Ψ0(x) = 0. Also, ϕ0(x),Ψ0(x) ∈ D, and the normalization is chosen to ensure
that 〈ϕ0,Ψ0〉 = 1. Now, since D is stable under the action of both b and a†, the vectors ϕn and
Ψn can be defined as in (2.2), and we have ϕn =
1
βn−1!
bnϕ0 and Ψn =
1
βn−1!
a†nΨ0, for all n ≥ 1.
Notice that it is enough to compute the vectors ϕn(x), since the functions Ψn(x) can easily
be deduced by these ones simply replacing γ with −γ. This is a consequence of the analytic
expressions of ϕ0(x) and Ψ0(x), and of the relation between a
† and b. A direct computation
shows that, for instance,
ϕ1(x) =
−i√
1− e−2α2 ϕ0(x)
(
e2iαx − e−α2
)
,
ϕ2(x) =
1
β1
( −i√
1− e−2α2
)2
ϕ0(x)
(
e4iαx − e2iαx−α2 − e2iαx−3α2 + e−2α2
)
,
and so on. For generic n the function ϕn(x) can be written as
ϕn(x) =
1
βn−1!
( −i√
1− e−2α2
)n
ϕ0(x)
n∑
k=0
c
(n)
k e
2iαkx,
where c
(n)
k are suitable coefficients which should be computed for each n. For instance:
c
(0)
0 = 1, c
(1)
0 = −e−α
2
and c
(1)
1 = 1, c
(2)
0 = −e−2α
2
, c
(2)
1 = −e−α
2 − e−3α2 , and c(2)2 = 1,
and so on. The same coefficients appear in the expression for Ψn(x) which looks like
Ψn(x) =
1
βn−1!
( −i√
1− e−2α2
)n
Ψ0(x)
n∑
k=0
c
(n)
k e
2iαkx.
This is due to the fact that c
(n)
k does not depend on γ. We will return on the relation between
these functions and those in [11] later on. Now, we check that the two sets Fϕ = {ϕn(x), n ≥ 0}
and FΨ = {Ψn(x), n ≥ 0} are both complete in L2(R). In fact, let us first introduce a third
set of functions of D, FΦ = {Φn(x), n ≥ 0}, where
Φn(x) = e
2iαnx e−
x2
2
+x(γ+ 32 iα).
It is possible to see that the set FΦ is complete in L2(R) if and only if Fϕ is complete, and
this is true if and only if FΨ is complete. To prove now that the set FΦ is complete in
L2(R), we consider a square-integrable function f(x) which is orthogonal to all the Φn(x):
In(α) := 〈f,Φn〉 = 0, for all n ≥ 0. Here we have written explicitly the dependence of these
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scalar products on α, since Φn(x) explicitly depends on α and this will be useful in the following.
We can rewrite In(α) as follows:
In(α) =
∫
R
g(x) eiαx(2n+
3
2) dx,
where g(x) = f(x)e−
x2
2
+xγ . Since In(α) = 0, we also have
dIn(α)
dα
= 0. Then
0 =
d
dα
∫
R
g(x)eiαx(2n+
3
2) dx =
∫
R
∂
∂α
g(x)eiαx(2n+
3
2) dx = i
(
2n+
3
2
)∫
R
g(x)xeiαx(2n+
3
2) dx
for all n ≥ 0. This follows from the fact that d
dα
and
∫
R
can be exchanged, see [24], pg. 154.
Iterating this procedure, we can further check that∫
R
g(x)xleiαx(2n+
3
2) dx = 0,
for all l, n = 0, 1, 2, . . . and for all α. Since the dependence on α is continuous, then, see again
[24], pg. 153, we also have
∫
R
g(x)xl dx = 0 for all l ≥ 0, which can be written as∫
R
(
f(x)e−
x2
4
+xγ
)
ηl(x) dx = 0
for all l = 0, 1, 2, . . .. Here ηl(x) = x
l e−
x2
4 . But the set {ηl(x)} is complete in L2(R), [25]1.
Hence f(x)e−
x2
4
+xγ = 0 almost everywhere (a.e.) in R, so that f(x) = 0 a.e. as well. This is
what we had to prove.
If we now compare the vacua of a and b†, ϕ0(x), Ψ0(x), with the vacuum φ0(x) = 1π1/4 e
−x2
2
+ 3
2
iαx
of c, [11], we easily see that
ϕ0(x)
φ0(x)
= eγx, while
Ψ0(x)
φ0(x)
= e−γx.
This same ratios are preserved for larger values of n so that we can write
ϕn(x) = Sφn(x), Ψn(x) = S
−1φn(x), (4.5)
for all n ≥ 0, where S is the multiplication operator S = eγx. Of course S is invertible,
unbounded with unbounded inverse, and leaves, together with S−1, D stable2. Also, S = S†.
1Our claim is based on the following result, given in [25]: if ρ(x) is a Lebesgue-measurable function which
is different from zero almost everywhere (a.e.) in R and if there exist two positive constants δ, C such that
|ρ(x)| ≤ C e−δ|x| a.e. in R, then the set {xn ρ(x)} is complete in L2(R).
2This is a consequence of the definition of D: if f(x) ∈ D, then f(x) ∈ S(R) and ekxf(x) ∈ S(R) for all real
k. Calling f±1(x) = S
±1f(x) = e±kxf(x), this is clearly in S(R) as well as ekxf±1(x). Hence f±1(x) ∈ D.
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From (4.5) the biorthogonality of the vectors in Fϕ and FΨ immediately follows. Moreover, see
[10], (4.5) also implies that Fϕ and FΨ are D-quasi bases, other than being complete in L2(R).
What is not evident, is if they are also bases or not. This is because S and S−1 are unbounded.
As for the operator Θ in (2.5), this can be easily identified and it turns out that Θ = S−2, and
a and b are Θ-conjugate: af = Θ−1b†Θf , for all f ∈ D. Using the closed form given in [11] for
φn(x) we can use (4.5) to deduce the analytic expression for ϕn(x) and Ψn(x). In particular,
in this way we recover the functions ϕ1(x) and ϕ2(x) deduced before.
It is now natural to look for the BCs associated to the operators a and b†. It is natural to
imagine that these BCs are related to the coherent state found in [11] by the operators S and
S−1. However, rather than exploring this relation, we prefer to use what deduced in Proposition
3, and to show that the existence of the vectors in (3.2) can be explicitly proved. Using (4.5),
the expression of φn(x) given in [11], and the fact that Ψn(x) can be recovered out of ϕn(x)
upon replacing γ with −γ, simple computations show that
‖ϕn‖2 = ‖Ψn‖2 = [n]!e
γ2
(1− q)nLn, where Ln =
n∑
k,l=0
(−1)k+l e
−α2(k+l+(l−k)2)e2iαγ(l−k)
[k]![l]![n− k]![n− l]!
A very brutal estimate shows that Ln ≤ (n + 1)2 so that
‖ϕn‖ ≤ e
γ2
2 (n+ 1)
√
[n]!
(1− q)n .
The same bound holds for ‖Ψn‖. Then the assumptions of Proposition 3 on the norms of ϕn
and Ψn are satisfied identifying, for instance Aϕ = e
γ2
2 , rϕ =
1√
1−q and Mn(ϕ) = (n+ 1)
√
[n]!.
Indeed we have
M(ϕ) = lim
n,∞
Mn(ϕ)
Mn+1(ϕ)
= lim
n,∞
n + 1√
[n + 1] (n+ 2)
=
√
1− q.
Since
√
1− q < 1√
1−q , it is clear that ρϕ =
√
1− q. Analogously we find that ρΨ =
√
1− q, so
that ρ =
√
1− q as well. Hence the BCs introduced in (3.2) exist for |z| < ρ, and Proposition
3 can be applied.
IV.2 A bounded deformation
Equations in (4.5) show that the vectors ϕn and Ψn are similar to the φn’s, but the similarity
is implemented by an unbounded operator with unbounded inverse. This implies, as stated,
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that the sets Fϕ and FΨ are not necessarily bases, even if they turn out to be complete and
D-quasi bases. We will discuss here a different example where the basis property is preserved.
For this, we will use a stronger version of (4.5), in which the similarity operator will be taken
to be bounded with bounded inverse. This will produce, automatically, Riesz bases for the
Hilbert space.
The starting point of this example is a pair of vectors u and v of H = l2(N0) such that
〈u, v〉 = 1. These vectors define a (non orthogonal) projection operator Pu,v as follows: Pu,vf =
〈u, f〉 v. It is easy to check that P 2u,v = Pu,v, and that ‖Pu,v‖ = 1. Its adjoint acts on f ∈ H
as follows: P †u,vf = 〈v, f〉 u. Hence P †u,v = Pv,u and, of course, ‖P †u,v‖ = 1 as well. Let us
now consider two complex numbers, α and β, satisfying the equality α + β + αβ = 0. For
instance, one could take α = i and β = − i+1
2
. Then the operator S = 1 + αPu,v is bounded
and invertible, with bounded inverse S−1 = 1 + βPu,v. Moreover we have S† = 1 + αPv,u and
(S†)−1 = 1 + β Pv,u which are also both bounded, clearly. As in (4.5) we can now use these
operators to construct two biorthogonal sets of vectors of H, acting on the o.n. basis Fe, see
Section I.1 :
ϕn = Sen = en + α 〈u, en〉 v, Ψn = (S†)−1en = en + β 〈v, en〉 u. (4.6)
Since both S and S−1 are bounded, the sets Fϕ = {ϕn} and FΨ = {Ψn} are Riesz bases.
Now, formula (1.3) can be rewritten as S−1ϕn+1 = 1βn c
†S−1ϕn, for each n ≥ 0, which suggests
to introduce a raising operator as b = Sc†S−1. In fact, with this definition we can write
ϕn+1 =
1
βn
b ϕn. We will consider the domain of b (and of a, see below) later in this section.
Now, recalling that c e0 = 0, we also have c S
−1ϕ0 = 0. This suggests to introduce a second
operator, a, as a = ScS−1. In fact, in this way, we first have aϕ0 = 0 and, more important,
[a, b]q = 1 , at least formally. We will make this statement rigorous later on. The operators a
and b can now be written as follows:
a = c+ αPc†u,v + βPu,cv + αβP〈cv,u〉u,v, b = c
† + αPcu,v + βPu,c†v + αβP〈c†v,u〉u,v. (4.7)
It might be worth noticing that, while Pu,v and Pv,u are projector operators, those in (4.7) are
not, in general. For instance P 2u,cv 6= Pu,cv, at least if 〈u, cv〉 6= 1.
Now, let us call D the subset of all compactly supported sequences of l2(N0). This means
that f = (f0, f1, f2, . . .) ∈ l2(N0) is in D only if fj = 0 for all j larger than a certain natural
number3. Of course, since D contains the linear span of the en’s, which form an o.n. basis in
H, D is dense in l2(N0). For convenience from now on we take u, v ∈ D. This means, see (4.6),
3We say that fj is zero definitively.
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that ϕn and Ψn both belong to D as well. More generally, since for instance Sf = f+α 〈u, f〉 v
for all f ∈ H, then if, f ∈ D, Sf ∈ D as well. Hence D is stable under the action of S and, for
similar reasons, under the action of S−1, S† and (S†)−1.
It is now easy to check that a and b, together with their adjoints, leave D stable and satisfy
[a, b]qf = f , for all f ∈ D. Moreover, since ϕ0 and Ψ0 both belong to D, it follows that
Assumptions D-pq 1. and 2. are both satisfied. Assumption D-pq 3. is satisfied also in its
stronger version, since Fϕ and FΨ are, as already stated, biorthogonal Riesz bases. The operator
Θ turns out to be (SS†)−1. This is because Ψn = Θϕn, and since ϕn = Sen, Ψn = (S†)−1en. We
see that Θ is bounded, invertible and self-adjoint. Moreover, ϕn is an eigenstate of N = ba with
eigenvalue β2n−1, while Ψn is an eigenstate of N
† with the same eigenvalue, and Θ intertwines
between the two.
As for the BCs, these can be easily constructed using Proposition 3 since ‖ϕn‖ ≤ 1 + |α|
and ‖Ψn‖ ≤ 1 + |β|, which are both uniform in n. More in general, since ‖ϕn‖ ≤ ‖S‖ and
‖Ψn‖ ≤ ‖S−1‖, the estimates required by Proposition 3 are easily satisfied: in fact, it is enough
to put Aϕ = ‖S‖, AΨ = ‖S−1‖ and rϕ = rΨ = Mn(ϕ) =Mn(Ψ) = 1.
But, in this example, we can do better than this, due to the fact that S and S−1 are bounded.
In fact, if we introduce the coherent states for the original quons (c, c†),
e(z) = N(|z|)
∞∑
k=0
zk
βk−1!
ek,
where N(|z|) is defined in (3.1), this is well defined if |z| < 1√
1−q . Then we get ϕ(z) = Se(z)
and Ψ(z) = (S†)−1e(z). Hence they are Riesz-BCs in the sense of [23].
IV.2.1 An example in the example
Let I0, I1 and I2 be three finite subsets of N0, mutually disjoint, and let us define three vectors
cj =
∑
k∈Ij
γkek,
j = 1, 2, 3, for some complex numbers γk. In particular we require that
∑
k∈I0 |γk|2 = 1, which
implies that ‖c0‖ = 1. Now, we use these vectors to define u and v and Pu,v as before: we take
u = c0 + c1 and v = c0 + c2. Then 〈u, v〉 = 1 and we find that
ϕk =
{
ek, k /∈ I0 ∪ I1,
ek + α γk v k ∈ I0 ∪ I1,
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while
Ψk =
{
ek, k /∈ I0 ∪ I2,
ek + β γk u k ∈ I0 ∪ I2.
A direct computation shows that 〈ϕk,Ψl〉 = δk,l, as it should. Moreover, the BCs can be written
in the following closed form:
ϕ(z) = e(z) + αN(|z|)Γ1(z) v, Ψ(z) = e(z) + β N(|z|)Γ2(z) u,
where
Γ1(z) =
∑
k∈I0∪I1
zk γk√
ǫk!
, Γ2(z) =
∑
k∈I0∪I2
zk γk√
ǫk!
.
Needless to say, these two are finite sums so that there is no convergence issue to consider: we
see that the Riesz BCs are, here, related to a single standard coherent state via two additive
terms, proportional to the vectors u and v introduced at the beginning of this example.
V Conclusions
This paper continues the analysis of deformation of CCR, CAR, and other (anti)-commutation
rules adopted in quantum mechanics during the years, and which proved to be essential in very
many situations.
In particular, we have shown how the q-mutation relations can be deformed in a similar
way as the one which produces pseudo-fermions, pseudo-bosons and truncated pseudo-bosons.
This deformation opens interesting mathematical problems and suggests the use of D-PQs in
the context of pseudo-hermitian quantum mechanics (and its relatives). Also, we have shown
that BCs states can be associated to D-PQs, and that these states share with ordinary coherent
states many of their properties.
Two examples have been discussed in details, one connected with an unbounded similarity
map, and the other with a bounded one. In both cases we have been able to produce two
biorthogonal sets of vectors, eigenstates of two number-like operators, but the nature of these
sets depends on the similarity map appearing in our construction: completeness is not lost,
in both cases, while the basis property can only be proved in the second example. However,
in the first example, we still get D-quasi bases which, as proved in [10], have nice and useful
properties.
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